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a b s t r a c t
Let D be a finite nontrivial triplane, i.e. a 2-(v, k, 3) symmetric design, with a flag-
transitive, point-primitive automorphism group G. If G is almost simple, with the simple
socle X of G being a classical group, then D is either the unique (11, 6, 3)-triplane, with
G = PSL2(11) and Gα = A5, or the unique (45, 12, 3)-triplane, with G = X : 2 = PSp4(3) :
2 ∼= PSU4(2) : 2 and Gα = Xα : 2 = (2 ·(A4 × A4).2) : 2, where α is a point ofD .
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A 2-(v, k, λ) symmetric design is an incidence structure D = (P,B) where P is a set of points and B is a set of blocks
with an incidence relation such that: (i) |P| = |B| = v, (ii) every block is incident with exactly k points, and (iii) every
2-element subset of P is incident with exactly λ blocks. It is also called a λ-plane.D is called nontrivial if λ < k < v− 1, and
the order ofD is n = k− λ. An automorphism of a designD is a permutation of the points which also permutes the blocks,
preserving the incidence relation. The set of automorphisms of a design with the composition of functions is a group. If G
is a primitive permutation group on the point set P then G is called point-primitive, otherwise point-imprimitive. A flag in
a symmetric design is a point-block pair, such that the point is incident with the block. Thus to say that G is flag-transitive
means that if α1, α2 are points, B1, B2 are blocks, and αi is incident with Bi for i = 1, 2, then there is an automorphism ofD
taking (α1, B1) to (α2, B2).
Symmetric designs with λ small are of interest. For example, those with λ = 1 are the projective planes, while those
with λ = 2 are called biplanes. Flag-transitivity is just one of many conditions that can be imposed on the automorphism
group G of a symmetric designD . For the flag-transitive projective planes, Kantor [9] proved that eitherD is a Desarguesian
projective plane and PSL(3, n) E G, or G is a sharply flag-transitive Frobenius group of odd order (n2+ n+ 1)(n+ 1), where
n is even and n2 + n+ 1 is prime. In [22–25], using the theorem of classification of finite simple groups, Regueiro reduced
the classification of flag-transitive biplanes to the situation where the automorphism group is a 1-dimensional affine group.
For the case λ = 3, a (v, k, 3)-symmetric design is called a triplane. The parameters of triplanes with n = k − 3 ≤ 25,
k ≤ v/2 and 4n − 1 < v < n2 + n + 1 satisfying k(k − 1) = 3(v − 1) and the Bruck–Ryser–Chowla condition are listed
in [3, p. 80]. In this range, the only known examples of triplanes correspond to n = 6, 7, 9, 12 are (v, k) = (25, 9), (31, 10),
(45, 12), (71, 15), but for n = 13, 16, 19, 22, 25, (v, k) = (81, 16), (115, 19), (155, 22), (201, 25), (253, 28) respectively, the
existence is still undecided.
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After the work of Regueiro on biplanes, we propose the following interesting problem:
Problem 1. Can we classify the triplanes with flag-transitive automorphism groups?
In this paper, we discuss this classification problem. The other motivation about Problem 1 comes from the recent
paper [15] by M. Law, C. E. Praeger and S. Reichard, which classifies the (96, 20, 4)-symmetric designs admitting a flag-
transitive point-imprimitive automorphism groups. In [15], the authors also suggested a similar classification problem.
In [28], Praeger and Zhou discussed the flag-transitive point-imprimitive (v, k, λ)-symmetric designs. From [28, Theorem
1.1 and Table 1 of Corollary 1.3], we know that if a triplane admits a flag-transitive point-imprimitive automorphism
group, then it has parameters (45, 12, 3). Recently, C. E. Praeger proved in [26] that there are exactly two nonisomorphic
triplanes with parameters (45, 12, 3), one is point-imprimitive, while the other is point-primitive. Therefore, if any other
triplane admits a flag-transitive automorphism group G, then it must be point-primitive. It was shown in [22, Theorem 2]
using the O’Nan–Scott Theorem [17] that if D is a (v, k, λ)-symmetric design admitting a flag-transitive, point-primitive
automorphism group Gwith λ ≤ 3, then G is of affine, or almost simple type. So we have the following
Proposition 1.1. If D is a triplane other than (45, 12, 3) admitting a flag-transitive automorphism group G, then G is point-
primitive and G is of affine, or almost simple type.
Here G is almost simple means that X E G ≤ Aut(X) for some nonabelian simple group X , and G is of affine type means
that G is isomorphic to the split extension of V by H , where V is a vector space of size pd for some prime p and some d,
and H ≤ GL(V ) ∼= GLd(p) with H irreducible on V , here the number of points inD is pd. So for Problem 1 we only need to
consider the following cases:
(1) G is of affine type;
(2) X is a sporadic simple group;
(3) X is an alternating group;
(4) X is an exceptional group of Lie type;
(5) X is a classical group.
Recently, it has been shown in [32,33] that X cannot be a sporadic group or an exceptional group of Lie type. Here we
deal with case (5) and prove the following:
Theorem 1.2. If a triplaneD = (P,B) admits a primitive flag-transitive automorphism group G of almost simple type, with the
simple socle X of G being a finite classical group, then one of the following holds:
(i) D is the unique (11, 6, 3)-triplane, with G = X = PSL2(11) and the point stabilizer Gα = A5,
(ii) D is the unique (45, 12, 3)-triplane, with G = X: 2 = PSp4(3): 2 ∼= PSU4(2): 2 and the point stabilizer Gα = Xα: 2 =
(2 ·(A4 × A4).2): 2.
Wewill prove Theorem 1.2 in Section 3. Our proof will proceed as in [29,24,25], in which the case for finite linear spaces,
biplanes with a flag-transitive automorphism group is treated, respectively.
Theorem 1.2, together with [32,33], yields the following:
Corollary 1.3. If D is a nontrivial triplane with a flag-transitive automorphism group G, then one of the following holds:
(i) D has parameters (45, 12, 3),
(ii) D has parameters (11, 6, 3),
(iii) G is of affine type,
(iv) Soc(G) is an alternating group.
2. Preliminary results
We assume throughout this paper that q = pe for p a prime and e a positive integer. If n is a positive integer, then np
denotes the p-part of n and np′ denotes the p′-part of n. In other words, np = pt where pt | n but pt+1 - n, and np′ = n/np.
Let D be a finite nontrivial triplane, and G be a flag-transitive, point-primitive automorphism group of D . We shall
assume that G has the socle X which is a simple classical group with a natural projective action on a vector space V of
dimension n over the field F (note that we take F = GF(q) if X is not a unitary group, and F = GF(q2) if X = Un(q)), i.e.
X E G ≤ Aut(X) and X is one of the finite classical groups: Ln(q), Un(q), PSp2m(q) (m ≥ 2), PΩ2m+1(q) (m ≥ 3, q odd),
PΩ+2m(q)(m ≥ 4) and PΩ−2m(q)(m ≥ 4). Our aim is to classify all possible pairs (D,G).
IfH is the stabilizer in G of a point α ofD , i.e.H = Gα , thenH is maximal in G, by Aschbacher’s Theorem [1], the stabilizer
H lies in one of the familiesCi (1 ≤ i ≤ 8) of subgroups ofΓ Ln(q), or in the set S of almost simple subgroups not contained in
any of these families. Wewill discuss our problem using these familiesCi∪S and the classification of primitive permutation
groups of odd degree(see Lemma 2.9). In describing the Aschbacher’s geometric subgroups, we denote by ˆK the pre-image
of the group K in the corresponding linear group.
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Here we give some special notation for subgroups in C1, see [14,18] for details. Let Pi be the parabolic subgroup of X
obtained by deleting the ith node in the standard Dynkin diagram associated with X . In fact Pi is the stabilizer of a totally
singular i-dimensional subspace of V , except when X = PΩ+2m(q) and i = m− 1. In this last case there are two X-orbits on
totally singularm-spaces Pm−1 and Pm being the stabilizers of representatives of the different orbits.
Assume that X 6= Ln(q), and letW be a nonsingular i-subspace of V . We denote the stabilizer XW ofW in X by Ni, N+i , N−i
as follows.
XW = Ni, if X = PSp2m(q), Un(q) or if X = PΩ±2m(q) and i is odd,
XW = Nεi (ε = ±), if i is even, X is orthogonal andW has type Oεi ,
XW = Nεi (ε = ±), if i is odd, X = PΩ2m+1(q) andW⊥ has type Oε2m+1−i.
Now set Xα = X ∩ H , and define m = |G : X |. The following lemma gives some fundamental information which is
essential to the proof of Theorem 1.2.
Lemma 2.1. (i) k(k− 1) = 3(v − 1).
(ii) v is odd.
(iii) 12v − 11 is a square.
(iv) 3v < k2, and hence 3|G| < |H|3.
(v) k | 3(v − 1, |H|).
(vi) 3(|H|v′)2 > v, where |H|v′ denotes the part of |H| coprime with v.
(vii) k | 3di, where di is any subdegree of G.
(viii) If X 6≤ H then |H : X ∩ H| = m.
(ix) |Out(X)|2|H ∩ X |3 ≥ m2|H ∩ X |3 > 3|X |.
(x) 3|Out(X)|2 (|H ∩ X |, |X : H ∩ X | − 1)2 > |X : H ∩ X |.
Proof. Part (i) is well-known. Part (ii) follows from (i). Part (iii) follows from [22, Lemma 3]. (iv) The equality k(k − 1) =
3(v − 1) implies k2 = 3v − 3 + k, so clearly 3v < k2. Since v = |G : H|, and k ≤ |H|, the result follows.
(v) Since k | 3(v − 1), r | |H| and k = r , then k | 3(v − 1, |H|). (vi) By (v) we have r ≤ 3(v − 1, |H|). Hence
3v < k2 ≤ 9(|H|, v − 1)2 = 9(|H|v|H|v′ , v − 1)2, and so v < 3(|H|v′ , v − 1)2. Therefore 3(|H|v′)2 > v. (vii) Suppose
that Γ is a nontrivial suborbit of H . Let |Γ | = di. Consider the action of G on the set P × P . Let∆ be an orbital of G. Counting
in two ways the number of triples (α, β, B)where α 6= β ∈ B, B ∈ B and (α, β) ∈ ∆, we find
3|∆| = vkt,
where vk is the number of flags (α, B), and t the number of triples that contain the flag (α, B). Since G is flag-transitive, t
is independent of the choice of the flag (α, B), and since |∆| = vdi, then 3vdi = vkt . It follows that 3di = kt , so k | 3di.
(viii) If X 6≤ H then HX = G by the maximality of H , whence |H : X ∩H| = |G : X | = m. Part (ix) follows from (iv), (viii) and
m = |G : X |. Part (x) is a direct consequence of (iv) and (v). 
Remark 1. Lemma 2.1(vii) comes from [5]. Here we have given a slightly different proof which is due to Prof. H. Li. We have
also that ifD is a (v, k, λ)-symmetric design with a flag-transitive automorphism group G, then k | λdi, for every subdegree
di of G [5].
Remark 2. If all the maximal subgroups of G are known, then one can usually rule out all possibilities for the stabilizer H
using the results provided by Lemma 2.1 (in particular, Lemma 2.1(iv), (v)). This is essentially the strategy adopted in [11,
24,25,29,33].
Lemma 2.2 (Tits Lemma, [30, (1.6)]). If X is a simple group of Lie type in characteristic p, then any proper subgroup of index
prime to p is contained in a parabolic subgroup of X.
Corollary 2.3. Suppose that D is a triplane admitting a flag-transitive, primitive almost simple automorphism group G with
simple socle X of Lie type in odd characteristic p, and the stabilizer H := Gα is not a parabolic subgroup of G. Then
(i) (p, k) = 1 or 3, and 9 does not divide k;
(ii) |G| < 3|H||H|2p′ ;
(iii) |X | < 3|Out(X)|2|X ∩ H||X ∩ H|2p′ .
Proof. We know from Lemma 2.1(iv) that |G| < |H|3. Now, by Tits Lemma, p | v = [G : H], then (p, v − 1) = 1. Since
k | 3(v − 1), if p is odd then (k, p) = 1 or 3, and 9 does not divide k. Hence k | 3|H|p′ , and since 3v < k2, we have
|G| < 3|H||H|2p′ . (iii) follows from (ii) and the facts |G| = m|X |, and |H| = m|X ∩ H|. 
Corollary 2.4. Suppose that D is a triplane with a primitive, flag-transitive almost simple automorphism group G with simple
socle X of Lie type in characteristic 2, then the stabilizer Gα is a parabolic subgroup of G.
Proof. Since v is odd, we have (2, v) = 1, then the result follows by Lemma 2.2. 
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Lemma 2.5. If X is a simple group of Lie type in characteristic 3, then any proper subgroup H such that [X : H]3 ≤ 3 is contained
in a parabolic subgroup of X.
Proof. Assume first that X is one of the simple exceptional groups of Lie type in characteristic 3, and take H maximal in X .
Then by [19], if 3|H|3 ≥ |X |3, H is either contained in a parabolic subgroup, or H and X are as in [19, Table 1]. However, if
we check the list of groups in [19, Table 1], none of them satisfies 3|H|3 ≥ |X |3.
Now assume that X is one of the finite classical groups in characteristic 3, and take H maximal in X , then H ∈ Ci∪S (1 ≤
i ≤ 8). IfH ∈ Ci, then 3|H|3 < |X |3, exceptwhenH is parabolic. Now supposeH ∈ S. Then by [16, Theorem4.2], |H| < q2n+4,
or H and X are as in [16, Table 4]. If |X |3 ≤ 3|H|3 ≤ q2n+4, then we have (i) X = Ln(q),Un(q) and n ≤ 6, (ii) X = PSpn(q) and
n ≤ 9, (iii) X = PΩn(q) and n = 2m+ 1 ≤ 11, (iv) X = PΩεn (q) and n = 2m ≤ 10. We check the list of maximal subgroups
of X for n ≤ 11 in [12, Chapter 5], and we find that there is no subgroup H such that 3|H|3 ≤ |X |3. We then check the list of
the groups in [16, Table 4], and none of them satisfies 3|H|3 ≤ |X |3. 
Lemma 2.5 is a generalization of [24, Lemma 7] which discussed the case when X is a simple group of Lie type in
characteristic 2.
Lemma 2.6 ([20]). If X is a simple group of Lie type in odd characteristic, and X is neither PSLd(q) nor E6(q), then the index of
any parabolic subgroup is even.
For a flag-transitive, point-primitive triplane we have also the following lemma.
Lemma 2.7. Suppose 3 6= p divides v (hence p is odd), and Gα contains a normal subgroup H of characteristic p which is
quasisimple and p - |Z(H)|; then k is divisible by [H : P], for some parabolic subgroup P of H.
Proof. The proof is similar to [25, Lemma 6] since under the above conditions we have (k, p) = 1. 
Lemma 2.8 ([29, Lemma 2.6], [21, Lemma 3.9]). If X is a group of Lie type in characteristic p, acting on the set of cosets of a
maximal parabolic subgroup, and X is not PSLd(q), PΩ+2m(q) (with m odd), then there is a unique subdegree which is a power
of p.
Weremark that even in the cases excluded in Lemma2.8,manyof themaximal parabolic subgroups still have theproperty
as asserted.
The following lemma which will be used in this paper gives the classification of primitive groups of odd degree with the
socle of a classical simple group.
Lemma 2.9 ([20, Theorem]). Let G be a primitive permutation group of odd degree v on a set Ω . Assume that the socle X = X(q)
of G is a classical simple group with a natural projective module V = V (n, q), where q = pe and p prime, and let H = Gα be the
stabilizer of a point α ∈ Ω , then one of the following holds:
(A) if q is even then X ∩ H is a parabolic subgroup of X.
(B) if q is odd then one of (i), (ii) below holds:
(i) H = NG(X(q0)) where q = qs0 and s is an odd prime;
(ii) X is a classical group with natural projective module V = V (n, q) and one of (1)–(7) below holds:
(1) H is the stabilizer of a nonsingular subspace (any subspace for X = PSLn(q)),
(2) X ∩ H is the stabilizer of an orthogonal decomposition V = ⊕Vi with all Vi isometric (any decomposition V = ⊕Vi
with dim(Vi) constant for X = PSLn(q)),
(3) X = PSLn(q), H is the stabilizer of a pair {U,W } of subspaces of complementary dimensions with U ≤ W or
U ⊕W = V , and G contains an automorphism of X interchanging U and W,
(4) X ∩ H isΩ7(2) or Ω+8 (2) and X is PΩ7(q) or PΩ+8 (q), respectively, q is prime and q ≡ ±3 (mod 8),
(5) X = PΩ+8 (q), q is prime and q ≡ ±3 (mod 8), G contains a triality automorphism of X and X∩H is 23 ·26 ·PSL3(2),
(6) X = PSL2(q) and X ∩ H is dihedral, A4, S4, A5 or PGL2(q 12 ),
(7) X = PSU3(5) and X ∩ H = M10.
Lemma 2.10. Let a, b, c be positive integers, then (a, bc) | (a, b)(a, c).
Proof. The assertion is obvious. 
Lemma 2.11 ([18, p. 19]). We list in Table 1 the classical simple groups, and their orders. In the table, q = pe, where p is a prime.
For each group X the table also gives the order of Out(X), the outer automorphism group of X. We use the standard notation
Ln(q), Un(q) for the groups PSLn(q), PSUn(q), respectively.
Note. All the groups in Table 1 are simple, except for: L2(2), L2(3),U3(2), PSp4(2) ∼= S6.
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Table 1
Classical groups.
Group X Order of X d |Out(X)|
Ln(q) 1d q
n(n−1)/2∏n
i=2(qi − 1) (n, q− 1) 2de if n ≥ 3
de if n =2
Un(q), n ≥ 3 1d qn(n−1)/2
∏n
i=2(qi − (−1)i) (n, q+ 1) 2de
PSp2m(q) (m ≥ 2) 1d qm
2 ∏m
i=1(q2i − 1) (2, q− 1) de ifm ≥ 3
(2, p)de ifm = 2
PΩ2m+1(q),m ≥ 3, q odd 12 qm
2 ∏m
i=1(q2i − 1) 2 2e
PΩ+2m(q),m ≥ 4 1d qm(m−1)(qm − 1)
∏m−1
i=1 (q2i − 1) (4, qm − 1) 2de ifm ≥ 5
6de ifm = 4
PΩ−2m(q),m ≥ 4 1d qm(m−1)(qm + 1)
∏m−1
i=1 (q2i − 1) (4, qm + 1) 2de
3. Proof of Theorem 1.2
LetD = (P,B) be a finite nontrivial triplane, and G be a primitive flag-transitive automorphism group ofD , with simple
socle X = Soc(G) a finite classical group. By Lemma 2.1(ii), G is a primitive permutation group of odd degree on the set P . In
this section, we will prove Theorem 1.2 by dealing with all cases in Lemma 2.9 separately.
3.1. Odd characteristic
Lemma 3.1. Case (B)(i) in Lemma 2.9 cannot occur.
Proof. Suppose that H = NG(X(q0)), where q = qs0 and s is an odd prime, then H is the stabilizer of a subfield space in G.
Here H ∈ C5, and clearly e ≥ s ≥ 3. By [14, Propositions 4.5.3, 4.5.4, 4.5.8, 4.5.10 and 7.5.1], we have X(q0) is a maximal
subgroup of X(q). Then Xα := X ∩ H = X(q0). (Note that the complete lists of the maximal subgroups of low-dimension
classical groups are obtained by Kleidman in [12, Chapter 5]. By the lists, we know that X(q0) lies inC5 for all low-dimension
cases which we need to consider in the following.)
Subcase (i). Xα = Ln(q0).
First assume that n = 2, i.e. X = X(q) = L2(q). Then |X | = 12q(q2 − 1), |Xα| = 12q0(q20 − 1), v =
qs−10 (q2s0 −1)
q20−1
.
By Corollary 2.3(iii), |X | < 3|Out(X)|2|Xα||Xα|2p′ we have
q(q2 − 1) < 3e2q0(q20 − 1)3.
Note that q2 − 1 ≥ 89q2 and e2 < q, so that 8q2 < 33q70, i.e q2s−70 < 278 . This forces s = 3. Now v = q20(q40 + q20 + 1), from
k | 3(v − 1, |H|)we have k divides
3(q60 + q40 + q20 − 1, e(q20 − 1)).
Since (q60 + q40 + q20 − 1, q20 − 1) = (2, q20 − 1) = 1 or 2, it follows that k | 6e, and k is far too small to satisfy k2 > 3v, a
contradiction.
Second assume that n = 3, i.e. X = L3(q), then Xα = L3(q0). By Corollary 2.3,
d30q
3s
0 (q
3s
0 − 1)(q2s0 − 1) < 12d3e2q30(q30 − 1)3(q20 − 1)3
where d0 = (3, q0−1), d = (3, q−1) ≤ 3. Since q3s0 (q3s0 −1)(q2s0 −1) > q3s0 .q3s−10 (q0−1).q2s−10 (q0−1) = q8s−20 (q0−1)2 >
q8s−10 , q
3
0(q
3
0−1)3(q20−1)3 < q180 , and e2 < q = qs0, thenwe have q7s−190 < 22.34. Therefore, s = 3 and q0 = 3, 5, 7, 32, 11, 13
or 17. Now v = q90(q90−1)(q60−1)
q30(q
3
0−1)(q20−1)
= q60(q60 + q30 + 1)(q40 + q20 + 1), by calculation (using GAP, see [31]), we know that in every
case 12v − 11 is not a square, contrary to Lemma 2.1(iii).
Now assume that n ≥ 4. By Corollary 2.3(iii), |X | < 3|Out(X)|2|Xα||Xα|2p′ , we have
d30q
n(n−1)/2
n∏
i=2
(qi − 1) < 12d3e2qn(n−1)/20
n∏
i=2
(qi0 − 1)3.
From
∏n
i=2(qi−1) > q(n2−1)/2 (using the inequalities qi−1 > qi−1(q−1), (q−1)i > qi/2 here),
∏n
i=2(q
i
0−1)3 < q3(n
2+n−2)/2
0
(using qi − 1 < qi here), also by d3 = (n, q− 1)3 < q3 and e2 < q = qs0, we get
q
s(2n2−n−9)−4n2−2n+6
2
0 < 12,
it follows that n = 4 and s = 3, or n = 5 and s = q0 = 3.
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If n = 4 and s = 3, then X = L4(q30) and Xα = L4(q0). By Corollary 2.3(iii),
q180 (q
12
0 − 1)(q90 − 1)(q60 − 1) < 3.28e2q60(q40 − 1)3(q30 − 1)3(q20 − 1)3,
i.e.
q180 (q
8
0 + q40 + 1)(q60 + q30 + 1)(q40 + q20 + 1) < 3.28q90(q40 − 1)2(q30 − 1)2(q20 − 1)2 < 3.28q270 ,
so q90 < 3.2
8, which is impossible since q0 ≥ 3.
If n = 5 and s = q0 = 3, then X = L5(33), Xα = L5(3), and so v = 320.72.133.73.757.4561. It is easily shown that
5 ‖ (12v − 11), contrary to Lemma 2.1(iii).
Subcase (ii). Xα = PSp2m(q0) (m ≥ 2), PΩ2m+1(q0) (m ≥ 3) or PΩε2m(q0) (m ≥ 4). For all these cases, by the inequality
|X | < 3|Out(X)|2|Xα||Xα|2p′ we have s = 2, contrary to s ≥ 3.
Subcase (iii). Xα = Un(q0) (n ≥ 3).
Since 3|X | < |Out(X)|2|Xα|3 (Lemma 2.1(ix)), then
3d30q
n(n−1)/2
n∏
i=2
(qi − (−1)i) < 4d3e2q3n(n−1)/20
n∏
i=2
(qi0 − (−1)i)3.
From
∏n
i=2(qi − (−1)i) >
∏n
i=2(qi − 1) > q(n2−1)/2 (using qi − 1 > qi−1(q− 1), (q− 1)i > qi/2 here),
∏n
i=2(qi − (−1)i) <
[(q2 − 1)(q3 + 1)][(q4 − 1)(q5 + 1)] · · · < q2+3+···+n − 1 < q(n2+n−2)/2 (using (qi − 1)(qi+1 + 1) < q2i+1 − 1 and
(qi − 1)(qj − 1) < qi+j − 1 here), and d3 = (n, q+ 1)3 ≤ (q+ 1)3 < 3q3, we have
q
s(2n2−n−9)−6n2+6
2
0 < 4
which forces (i) s = 3, (ii) s = 5 and n = 3, or (iii) s = 7 and n = 3.
If s = 3, since |X | < 3|Out(X)|2|Xα||Xα|2p′ , we have n ≤ 5. The remaining three cases can be easily ruled out, using the
fact that k divides 3(v − 1, |Out(X)||Xα|p′).
If s = 5 and n = 3, then X = U3(q50), Xα = U3(q0). Since d = d0 ≤ 3 here, we have v = q120 (q180 + q60 + q40 + 1)
(q120 − q90 + q60 − q30 + 1) and (v − 1, p) = 1. Let q0 = pf , then e = 5f , f 2 < q0. By k | 3|Out(X)||Xα|p′ , we get k divides
6de(q20 − 1)(q30 + 1) < 90fq50, so that k2 < 22.34.52q110 . From 3v < k2, we have
q310 < q
12
0 (q
8
0 + q60 + q40 + 1)(q120 − q90 + q60 − q30 + 1) < 22.33.52q110 ,
and so q200 < 2
2.33.52, which is impossible since q0 ≥ 3.
If s = 7 and n = 3, then v > q470 , and as above k2 < 22.34.72q110 . Hence k2 < 3v, a contradiction. 
Lemma 3.2. Case (B)(ii)(1) in Lemma 2.9 cannot occur.
Proof. Suppose that H is the stabilizer of a nonsingular subspace (any subspace for X = Ln(q)).
Subcase (i). X = Ln(q) (n > 2) (the case n = 2 will be discussed in Lemma 3.7).
Let W ⊆ V , W = 〈e1, e2, . . . , ei〉 and V = 〈e1, e2, . . . , en〉, where i ≤ n/2, and H := Gα denotes the stabilizer of the
subspaceW .
If i = 1, then H is transitive on the subspaces of dimension 1. Hence G is 2-transitive, and this case has already been done
by Kantor [10], and there is no such triplane.
Now assume that i ≥ 2. Taking α = 〈e1, . . . , ei〉, and β = 〈e1, . . . , ei−1, ei+1〉, we see that k divides
3|βGα | = 3q(q
i − 1)(qn−i − 1)
(q− 1)2 (< 3q
n).
Since k2 > 3v = 3(qn−1)···(qn−i+1−1)
(qi−1)···(q−1) > 3q
i(n−i), we have 3q2n > qi(n−i), so (i) i = 2, (ii) i = 3 and 6 ≤ n < 10 or (iii) i = 4 and
n = 8.
If i = 2 then G has rank 3. The symmetric designs with a primitive rank 3 automorphism group have been classified by
Dempwolff, from [6] we know that there is no such triplane.
In the second case, since q and v = (qn−1)(qn−1−1)(qn−2−1)
(q3−1)(q2−1)(q−1) are odd, then n = 7. However, if n = 7, take γ = 〈e4, e5, e6〉 to
see that k | 3q9(q4−1)q−1 , and so in fact
k | 3
(
q(q3 − 1)(q4 − 1)
(q− 1)2 ,
q9(q4 − 1)
q− 1
)
= 3q(q
4 − 1)
q− 1 ,
contrary to k2 > 3v.
If i = 4 and n = 8, then v = (q8−1)(q7−1)(q6−1)(q5−1)
(q4−1)(q3−1)(q2−1)(q−1) is even, a contradiction.
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Subcase (ii). X = PSp2m(q) (m ≥ 2).
Let {e1, f1, . . . , em, fm} be a standard symplectic basis for V , where (ei, ej) = (fi, fj) = 0 and (ei, fj) = δij for all i, j.
Suppose that H = N2i, the stabilizer of a nonsingular 2i-subspace U of V , with m > 2i. Then p | v, so (k, p) ≤ 3. Take
U = 〈e1, f1, . . . , ei, fi〉 and W = 〈e1, f1, . . . , ei−1, fi−1, ei+1, fi+1〉. The p′-part of the size of the Gα-orbit containing W is
(q2i−1)(q2(m−i)−1)
(q−1)2 . Hence k divides
3(q2i − 1)(q2(m−i) − 1)
(q− 1)2 ,
it follows k < 3q2(m−2i−1). Since v > q4i(m−i), this is contrary to k2 > 3v.
Subcase (iii). X = PΩ2m+1(q) (m ≥ 3, sinceΩ3(q) ∼= L2(q),Ω5(q) ∼= PSp4(q)).
Assume that H = Nεi (ε = ±), by [14, Theorem 4.1.6], the stabilizer of a nonsingular i-dimensional subspaceW (⊂V ) of
X is of type Oεm(q) ⊥ Oε2m−i(q), where 1 ≤ i < m (if i is odd, ε is the sign ofW⊥ i.e.W⊥ has type Oε2m+1−i).
Let i = 1. Then v = qm(qm+ε)2 , and the X-subdegrees are (qm − ε)(qm + ε), q
m−1(qm−ε)
2 , and (q
m−1(qm − ε)) q−32 (see
[29, p. 331]), here abmeans the subdegree a appearswithmultiplicity b. This implies that kdivides q
m−ε
2 , contrary to 3v < k
2.
Hence i ≥ 2. Let W be the i-space stabilized by H and choose w ∈ W with Q (w) = 1, and u ∈ W⊥ with Q (u) = −c for
some nonsquare element c ∈ GF(q). Then 〈v,w〉 is of type N−2 , and if g ∈ G stabilizesW⊥ pointwise but fixes neither u nor
w, then H ∩ Hg contains SOi−1(q) × SOn−i−1(q). This implies k ≤ 6qme, contrary to k2 > 3v since v > q i(n−i)4 , q is odd and
m ≥ 3.
Subcase (iv). X = PΩε2m(q)(ε = ±,m ≥ 4).
Let β+ = {e1, f1, . . . , em, fm} be a standard basis for V in theO+2m-case, andβ− = {e1, f1, . . . , em−1, fm−1, d, d′} in theO−2m-
case. By [14, Theorem 4.1.6], the stabilizer of a nonsingular subspace of X is of type Oε1m (q) ⊥ Oε12m−i(q), where 1 ≤ i < m,
ε1 ∈ {+,−, ◦}.
Let ε1 = ◦, i.e. H = N◦i = Ni. Then the stabilizer of a nonsingular subspace of X is of type Om(q) ⊥ O2m−i(q). First let
i = 1. Hence v = qm−1(qm−ε)2 . Since q is odd, the subdegrees of X are(see [2]):
q2m−2 − 1, q
m−1(qm−1 + ε)
2
, (qm−1(qm−1 − ε)) q−14 , and (qm−1(qm−1 + ε)) q−34 if q ≡ 1 (mod 4),
q2m−2 − 1, q
m−1(qm−1 − ε)
2
, (qm−1(qm−1 − ε)) q−34 , and (qm−1(qm−1 + ε)) q−34 if q ≡ 3 (mod 4).
So k divides three times the highest common factor of the subdegrees, and in every case k is too small to satisfy 3v < k2.
Now suppose that H = Nε1i with 1 < i ≤ m, and ε1 = ± here only if i is even. Since q is odd, as in Subcase (iii), we can
find an element g such that H ∩ Hg contains SOi−1(q) × SOn−i−1(q). Since (k, p) ≤ 3, we have that k < 12qme, contrary to
3v < k2.
Subcase (v). X = Un(q) (n ≥ 3).
Assume thatH = Ni where i < n/2, and let α = 〈e1, . . . , ei〉, β = 〈e1, . . . , ei−1, ei+1〉, then k divides 3(qi−(−1)i)(qn−i−
(−1)n−i). By
3v = 3q
i(n−i)(qn − (−1)n) · · · (qn−i+1 − (−1)n−i+1)
(qi − (−1)i) · · · (q+ 1) < k
2
we have i = 1. Therefore k | 3(q + 1)(qn−1 − (−1)n−1). On the other hand, if p 6= 3, applying Lemma 2.7 to Un(q) we see
that k is divisible by the degree of a parabolic action of Un(q). By computation, we get n − 1 ≤ 4. If n = 5, then k divides
3(q+1)(q4−1) and is divisible by q3+1, which is not so. If n = 4, then q3+1 | k, whereas (3(v−1), q3+1) ≤ 3(q2−q+1),
a contradiction.
So p = 3. First we assume that n is even, then v = 3n−1(3n−1)4 , v − 1 = (3
n−4)(3n−1+1)
4 . Hence k | 3
(
(3n−4)(3n−1+1)
4 ,
4(3n−1 + 1)
)
= 3(3n−1+1)4 . Set k = 3(3
n−1+1)
4c for some integer c , by k(k− 1) = 3(v − 1)we have
3(3n−1 + 1)
4c
(
3(3n−1 + 1)
4c
− 1
)
= 3(3
n − 4)(3n−1 + 1)
4
.
This gives 3n = 16c2−4c+3
4c2−1 = 4− 4c−74c2−1 , which is impossible since n ≥ 3.
If n is odd, then v = 3n−1(3n+1)4 , v − 1 = (3
n+4)(3n−1−1)
4 . Hence k | 3
(
v − 1, 12(3n−1 − 1)) = 3(3n−1−1)4 . Set k = 3(3n−1−1)4c ,
by k(k− 1) = 3(v − 1)we have
3(3n−1 − 1)
4c
(
3(3n−1 − 1)
4c
− 1
)
= 3(3
n + 4)(3n−1 − 1)
4
.
This gives 3n = −16c2−4c−3
4c2−1 < 0, a contradiction. 
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Lemma 3.3. If Case (B)(ii)(2) in Lemma 2.9 holds, thenD is the unique (45, 12, 3)-triplane, with G = X: 2 = PSp4(3): 2 and
H = Xα: 2 = (2 ·(A4 × A4).2): 2.
Proof. Subcase (i). X = Ln(q) (n > 2).
HereXα =: X∩Gα is the stabilizer of a partitionV = V1⊕· · ·⊕Va, with dim(Vi) = b, and n = ab. By [14, Proposition 4.2.9],
Xα is of type GLb(q) o Sa.
We start by considering the case where b = 1, n = a. Let
α = {〈e1〉, 〈e2〉, . . . , 〈en〉}, β = {〈e1 + e2〉, 〈e2〉, . . . , 〈en〉}.
Since n > 2, we have k divides 6n(n − 1)(q − 1) = 3[Gα : Gαβ ]. By v > qn(n−1)/n! and k2 > 3v, we have n = 3 and
q = 3, 5 or 7. Now v = q3(q3−1)(q+1)6(3,q−1) , but in every case we have v is even, a contradiction.
Let b > 1, and consider α = {〈v1, . . . , vb〉, 〈vb+1, . . . , v2b〉, . . .}, β = {〈v1, . . . , vb−1, vb+1〉, 〈vb, vb+2, . . . , v2b〉, . . . ,
〈vn−b+1, . . . , vn〉}. Then k | 3a(a−1)(qb−1)2q−1 . Now v > q
n(n−b)
a! and k
2 > 3v force
3a2(a− 1)2a! > qn2−nb−4b+1,
it follows that a = b = 2, n = 4, and q = pe ≤ 23, i. e. q = 3, 5, 7, 32, 11, 13, 17, 19, 23. By using GAP [31], and from
v = q4(q2+q+1)(q2+1)2 , we can find in every case 12v − 11 is not a square, contrary to Lemma 2.1(iii).
Now suppose in the following that X ∩ H is the stabilizer of an orthogonal decomposition V = V1 ⊕ · · · ⊕ Va with all Vi
isometric where dim(Vi) = b and n = ab.
Subcase (ii). X = PSp2m(q) (m ≥ 2).
Let {e1, f1, . . . , em, fm} be a standard symplectic basis for V . Assume that each of the Vj ’s is nonsingular of dimension 2i.
Then X ∩ H = ˆPSp2i(q) o Sa with ia = m. Let
α = {〈e1, f1, . . . , ei, fi〉, 〈ei+1, fi+1, . . . , e2i, f2i〉, . . .},
β = {〈e1, f1, . . . , ei−1, fi−1, ei, fi + ei+1, 〉, 〈ei+1, fi+1 − ei, ei+2, fi+2, . . . , e2i, f2i〉, . . .},
so we have k divides 3a(a−1)(q
2i−1)2
2(q−1) = 3[Gα : Gαβ ]. Now v > q
2a(a−1)i2
a! , so k
2 > 3v forces
3a!a4 > q2a(a−1)i2−8i+2,
hence 3aa+4 > q2a(a−1)−6 and therefore a < 4.
If a = 3, by the above inequality, 2.36 > q12i2−8i+2, i = 1 and q = 3, but then k | 25.32, v > 3112 , k is too small.
Let a = 2, then 3.25 > q4i2−8i+2. It follows that i ≤ 2.
If i = 2 then q = 3, 5, 7, it is easily shown that 12v − 11 is not a square in each case.
If i = 1 then X = PSp4(q), v = q2(q2+1)2 , and k | 3(q + 1)2(q − 1). Since k | 3(v − 1), we have k | 3 (2(v − 1),
(q+ 1)2(q− 1)), i.e. k divides 3(q2 − 1)(3, q+ 1) | 9(q2 − 1).
Let k = 9(q2−1)c for some integer c , by k(k− 1) = 3(v − 1)we have
9(q2 − 1)
c
(
9(q2 − 1)
c
− 1
)
= 3
2
(q2 + 2)(q2 − 1).
Therefore, (54− c2)(q2 + 2) = 6c + 162, it follows that q2 = 6(c+27)
54−c2 − 2. From 54− c2 > 0 and 54− c2 | 6(c + 27), we
have c = 3 or 6. For the former case, q2 = 2 which is impossible. For the latter case, q = 3, and hence k = 12, v = 45.
Thus we get a (45, 12, 3)-triplane, with X = PSp4(3) ∼= U4(2) and Xα = ˆPSp2(3) o S2 ∼= ˆA4 o Z2. The (45, 12, 3)-triplanes
with a primitive flag-transitive automorphism group have been studied by Praeger, from [26, Theorem 3.3], we know that
G = Aut(D) = PSp4(2): 2 and Gα = (2 ·(A4 × A4).2): 2. This appears in Theorem 1.2(ii).
Subcase (iii). X = PΩ2m+1(q) (n = 2m+ 1 ≥ 7, sinceΩ3(q) ∼= L2(q),Ω5(q) ∼= PSp4(q)).
Since |G| < 3|Gα|p′ , the only possibilities are (i) X∩H = 26.A7 < Ω7(q)with q = 3 or 5, and (ii) X∩H = 2n−1.An < Ωn(3)
with n = 7, 9, or 11. It is easily shown that in each case k | 3(v − 1) forces 3v > k2, a contradiction.
Subcase (iv). X = PΩε2m(q) (n = 2m ≥ 8).
From [14, Theorem 4.2.11, 4.2.14 and 4.2.15], we know that the stabilizer of an orthogonal decomposition V = ⊕ai=1 Vi
of PΩε2m(q) is of type O
ε1
a (q) o Sb, where ε1 ∈ {+,−, ◦}. Since v is odd, then all the Vi are nonsingular and isometric (and if b
is odd then q is odd).
If b = 1 then the inequality |G| < 3|Gα|p′ forces X ∩ H = 2n−2.An, with n = 8 or 10 and X = PΩ+8 (3) or PΩ−10(3)
respectively. (Note that if X = PΩ+8 (5) then the maximality of H in G forces G ≤ X .2 [13], so H is too small.) In the former
case, v = 310.5.13 and |Out(X)||Xα| = 215.33.5.7, so k | 3(v− 1, |Gα|) | 3(23.7.68539, 215.33.5.7) = 23.3.7 = 168, k is too
small. In the latter case, v − 1 = 26.21868406873, so k divides 3.26, k is too small to satisfy 3v < k2, a contradiction.
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Now let b = 2. Since q ≥ 3 is odd, thenwe can find g ∈ H so thatH∩Hg contains the stabilizer of V3⊕· · ·⊕Va. It follows
that k ≤ 3a(a− 1)(2(q+ 1))2|Out(X)|, and from 3v < k2 we obtain n = 8, q = 3, and hence v is even, a contradiction.
Now suppose that b > 2, the inequality |G| < 3|Gα||Gα|p′ forces b = m (and so ε = +). First assume that m = 4,
since v is odd, the type of Vi must be +. Then, by [13], X ∩ H = (Ω−4 (q) × Ω−4 (q)).22, |X ∩ H| = 4d (q2 − 1)4, and
so v = q8(q2+1)2(q4+q2+1)2 . Since v ≡ 3 (mod 4), so (q2 − 1, v − 1) ≤ 2 and 4 does not divide v − 1. Therefore by
k | 3 (v − 1, |Out(X)||X ∩ H|) = 3 (v − 1, 6de · 4d (q2 − 1)4)we have k | 18e2′ , where e = logp q, contrary to 3v < k2.
Hencem ≥ 5, and we handled similarly as the Subcase (iv) in Lemma 3.2.
Subcase (v). X = Un(q) (n ≥ 3).
If b > 1, then let α = {〈v1, . . . , vb〉, 〈vb, . . . , v2b〉, . . .}, β = {〈v1, . . . , vb−1, vb+1〉, 〈vb, vb+2, . . . , v2b〉, . . .}. Then
k | 3a(a− 1)(qb − (−1)b)2. Now X ∩ H = GUb(q) o Sa, and k2 > 3v force n = 4, b = 2. Therefore
v = q
4(q4 − 1)(q3 + 1)
2(q2 − 1)(q+ 1) ,
and k | 6(q2 − 1)2. However, (v − 1, q+ 1) = (2, q+ 1), so k | 24(q− 1)2, contrary to 3v < k2.
If b = 1 then X ∩ H = ˆ(q+ 1)n−1.Sn. First let n = 3, since q is odd, then
v = q
3(q3 + 1)(q2 − 1)
6(q+ 1)2 ,
and k divides 18(q+ 1)2e. The inequality 3v < k2 forces
q6(q− 1) < 648(q+ 1)5e2,
so q = pe ≤ 33. It follows that q = 3, 5, 7, 9, 11, 13, 17, 19, 23, 52, or 33. Using GAP [31] and by Corollary 2.3, we calculate
the value of (3(v − 1), 18(q+ 1)2e) and find that k | 3.2i where 1 ≤ i ≤ 4 in all cases, so k is too small to satisfy k2 > 3v.
Now let n > 3, and α = {〈v1〉, 〈v2〉, . . . , 〈vn〉}. If q > 3, letW = 〈v1, v2〉. Taking g ∈ G \H acting trivially onW⊥ we see
k divides 32n(n−1)(q+1)2, contrary to v < k2. So q = 3, letW = 〈v1, v2, v3〉. If we take g ∈ G\H acting trivially onW⊥ we
see k divides n(n−1)(n−2)(q+1)
3
2 , i.e., k | 32n(n−1)(n−2). Hence n = 3 or 4. These can be excluded, as k divides 3(v−1). 
Lemma 3.4. Case (B)(ii)(3) in Lemma 2.9 cannot occur.
Proof. Suppose that Case (B)(ii)(3) in Lemma 2.9 holds. Here G contains a graph automorphism and H stabilizes a pair U,W
of subspaces of dimension i and n− i, with i < n/2. Write G0 for G ∩ Γ Ln(q) of index 2 in G.
(a) U ⊆ W and dim(U)+ dim(W ) = n.
By Lemma 2.8, there is a subdegree which is a power of p. On the other hand, since p is odd then (v− 1)p = q, so k ≤ 3q.
Hence k2 < 3v, which is a contradiction.
(b) U ⊕W = V and G contains a graph automorphism of X interchanging U andW .
Here p divides v = |GLn(q)||GLi(q)||GLn−i(q)| = qi(n−i).vq′ , so by Corollary 2.3 (k, p) ≤ 3. First assume i = 1. If α = {〈e1〉,
〈e2, . . . , en〉}, then consider β = {〈e1, . . . , en−1〉, 〈en〉}, so [Gα : Gαβ ] = qn−2(qn−1−1)q−1 and k | 3(q
n−1−1)
q−1 . However
v = qn−1(qn−1)
(q−1) > q
2(n−1), which implies k2 < 3v, a contradiction. So i > 1. Consider α = {〈v1, . . . , vi〉, 〈vi+1, . . . , vn〉}
and β = {〈v1, · · · , vi−1, vi + vn〉, 〈vi+1, . . . , vn〉}. Then [G0α : G0αβ ]p′ divides (qi − 1)(qn−i − 1), which implies k < 3qn, but
v > q2i(n−i), so again k2 < 3v, a contradiction. 
Lemma 3.5. Case (B)(ii)(4) in Lemma 2.9 cannot occur.
Proof. Subcase (i). X = PΩ7(q), X ∩ H = Ω7(2), with q prime and q ≡ ±3 (mod 8).
Here, |X | = 12q9(q2 − 1)(q4 − 1)(q6 − 1), and |X ∩ H| = 29.34.5.7 [4, p. 46], so
v = q
9(q2 − 1)(q4 − 1)(q6 − 1)
210.34.5.7
.
Since k | 3|Out(X)||X ∩ H| = 210.35.5.7, it follows that k ≤ 210.35.5.7.
By k2 > 3v, we have
220.310.52.72 >
q9(q2 − 1)(q4 − 1)(q6 − 1)
210.33.5.7
,
which implies 230.313.53.73 > q9(q2 − 1)(q4 − 1)(q6 − 1) > q19. It follows that q = 3, 5, or 11. Then v = 35.13, 58.13.31
or 52.119.19.37.61, respectively.
If q = 3, since k | 3(v − 1, 2|X ∩ H|) = 3(2.1579, 210.34.5.7) = 6, k is too small.
If q = 5, since k | 3(v − 1, 2|X ∩ H|) = 3(2.3.2699.9721, 210.34.5.7) = 18, k is too small.
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If q = 11, since k | 3(v − 1, 2|X ∩ H|) = 3(23.19861.15909928823, 210.34.5.7) = 24, k is too small.
Subcase (ii). X = PΩ+8 (q), X ∩ H = Ω+8 (2), with q prime and q ≡ ±3 (mod 8).
Here, |X | = 14q12(q4 − 1)2(q2 − 1)(q6 − 1), and |Ω+8 (2)| = 212.35.52.7 [4, p. 85], so
v = q
12(q4 − 1)2(q2 − 1)(q6 − 1)
214.35.52.7
.
Since k | 3|Out(X)||X ∩ H| = 215.37.52.7, it follows that k ≤ 215.37.52.7.
By k2 > 3v, we have
230.314.54.72 >
q12(q4 − 1)2(q2 − 1)(q6 − 1)
214.34.52.7
,
which implies 244.318.56.73 > q12(q4 − 1)2(q2 − 1)(q6 − 1) > q26. It follows that q = 3, 5, or 11, 13.
If q = 3, then v = 37.13, 12v − 11 = 41.53.157 is not a square.
If q = 5, then v = 510.132.31, 12v − 11 = 44959.13655671 is not a square.
If q = 11, then v = 52.1112.19.37.612, but 12v − 11 is not a square since 11 ‖ (12v − 11), a contradiction.
If q = 13, then v = 73.1312.172.61.157. Here 12v−11 is not a square since 22989929 ‖ (12v−11), a contradiction. 
Lemma 3.6. Case (B)(ii)(5) in Lemma 2.9 cannot occur.
Proof. Suppose that X = PΩ+8 (q), q is a prime and q ≡ ±3 (mod 8), G contains a triality automorphism of X and X ∩ H is
23 · 26 · L3(2). Since |X ∩ H| = 29.|L3(2)| = 29.168 = 212.3.7, then
v = |PΩ
+
8 (q)|
212.3.7
= q
12(q2 − 1)(q4 − 1)2(q6 − 1)
214.3.7
,
and k | 3|Gα| | 3|Out(X)||X ∩ H| = 3.|S4 × Ze|.212.3.7 = 215.33.7 (here e = 1).
By k2 > 3v, we have
230.36.72 >
q12(q4 − 1)2(q2 − 1)(q6 − 1)
214.7
,
which implies 244.36.73 > q12(q2 − 1)(q4 − 1)2(q6 − 1) > q26. It follows that q = 3 or 5.
If q = 3, then v = 311.52.13, and k | 3(v − 1, 215.32.7) = 3(2.7.19.41.5279, 215.32.7) = 42, which is too small.
If q = 5, then v = 34.512.132.31, and k | 3(v − 1, 215.32.7) = 3(2.23.139.16203201671, 215.32.7) = 6, which is too
small. 
Lemma 3.7. If Case (B)(ii)(6) in Lemma 2.9 holds, thenD is the unique (11, 6, 3)-triplane, with G = X = L2(11) and H = A5.
Proof. Suppose that X = L2(q) (q = pe, p is odd). The list of maximal subgroups of G with socle X = L2(q) can be found
in [8, Theorem 1.1, Theorem 2.2]. In [8], the author proved that if L2(q) E G ≤ PΓ L2(q) and let H be a maximal subgroup of
Gwhich does not contain X , then either X ∩ H is maximal in X , or G and H are given in [8, Theorem 1.1, Table 1].
First we consider the pairs (G,H) in [8, Theorem 1.1, Table 1] with the index |G : H| = v odd. Since 12v− 11 is a square,
then (G,H) = (PGL(2, 9),D16), (M10, Z8 : Z2), (PΓ L2(9), Z8.Aut(Z8)), or (PGL2(q), S4) with q = p ≡ ±11, 19 (mod 40).
Each of the first three cases gives a (45, 12, 3)-triplane, but from the proof of [26, Theorem 3.3], we know that these cases
cannot occur. For the last case, since k | 3|Gα| = 72, and by Corollary 2.3, 9 - k then k | 3.23. From k2 > 3v we get
q = p = 11, and hence v = q(q2 − 1)/24 = 55, but 12v − 11 = 11.59 is not a square, a contradiction.
Then we consider the cases listed in Lemma 2.9(B)(ii)(6), so X ∩ H is a maximal subgroup of X .
Subcase (i). X ∩ H = Dq−1 for q ≥ 13 (note that q = pe with p an odd prime).
Here v = 12q(q+1). By [8, Lemma 2.4], we haveH = Gα = NG(Dq−1). Since q is odd, the subdegrees here are [7, Table 2]:
1, q−12 , 2(q− 1),and (q− 1)
q−3
2 . It follows that k | 3(q−1)2 . Suppose that k = 3(q−1)2m , by k(k− 1) = 3(v − 1)we have
3(q− 1)
2m
(
3(q− 1)
2m
− 1
)
= 3
2
(q− 1)(q+ 2).
Therefore, (2m2 − 3)(q+ 2) = −9− 2m, and q = 9+2m
3−2m2 − 2 < 13, a contradiction.
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Subcase (ii). X ∩ H = Dq+1 for q 6= 7, 9.
Here v = 12q(q − 1). By [8, Lemma 2.4], we have that H = Gα = NG(Dq+1). Since v is odd, the subdegrees here are [7,
Table 2]: 1, q+12 , and (q+ 1)
q−3
2 . It follows that k | 3(q+1)2 . Suppose that k = 3(q+1)2m , by k(k− 1) = 3(v − 1)we have
3(q+ 1)
2m
(
3(q+ 1)
2m
− 1
)
= 3
2
(q+ 1)(q− 2).
Therefore, (2m2− 3)(q− 2) = 9− 2m, and q = 9−2m
2m2−3 + 2 ∈ N, it follows thatm = 2, q = 3, so v = k = 3, a contradiction.
Subcase (iii). X ∩ H = A4, where q = p ≡ ±3 (mod 8) and q 6≡ ±1 (mod 10).
Here |X ∩ H| = 12, v = 124q(q2 − 1), and |Out(X)| = d = 2. By k | 3
(
q(q2−1)−24
24 , 2× 12
)
we have k | 72, so k ≤ 72. As
3v < k2 we have q = 3, 5, 13. If q = 3, then v = 1. If q = 5, we get v = 5, k = 4, so k = v − 1, andD is trivial. If q = 13,
then v = 91, but 12v − 11 = 23.47 is not a square, a contradiction.
Subcase (iv). X ∩ H = S4, where q = p ≡ ±1 (mod 8).
Here v = 148q(q2 − 1), |Out(X)| = 2, and k | 3
(
q(q2−1)−48
48 , 48
)
, so k | 144. Now k2 > 3v implies q < 71, hence
q = 7, 17, 23, 31, 41, 47, 57.
If q = 17 or 31, then v is even, a contradiction. If q = 7, 41, 47 or 57, it is easily shown that 12v − 11 is not a square.
If q = 23, then v = 253, k = 28,D is a (253, 28, 3)-triplane, and X = PSL2(23), Xα = X ∩ H = S4. By [27, Lemma 4.3],
the subdegrees here are: 1, 4, 2 of length 6, 8, 3 of length 12, 8 of length 24. However k = 28 - 3 × 4, contradicting with
Lemma 2.1(vii).
Subcase (v). X ∩ H = A5, for q ≡ ±1 (mod 10), where either q = p or q = p2 and p ≡ ±3 (mod 10).
Here v = q(q2−1)120 , so k | 360e, e = 1 or 2. The inequality 3v < k2 implies q3 − q < 40k2 < 40(360)2e2 = 5184000e2.
Hence q = 32(e = 2), 11, 19, 29, 31, 41, 72(e = 2), 59, 61, 71, 79, 89, 101, 109, 131, 139, 149 or 151, 132(e = 2). Of these,
the only value for which v is odd and 12v − 11 is a square is q = 11. So, in this case, v = 11, k = 6. Hence we have a
(11,6,3)-triplane, the complementary design of a (11, 5, 2)-biplane. It is well-known that the full automorphism group of
(11, 5, 2)-biplane is PSL2(11), and the point stabilizer is A5 [22, p. 138]. Hence we have that G = X = PSL2(11) and Gα = A5
here. This occurs in Theorem 1.2(i).
Subcase (vi). X ∩ H = PGL2(q 12 ) = PGL2(q0), with q = q20 and q odd.
Here v = q0(q20+1)2 , |Out(X)| = 2e, (q0, 2(v − 1)) = 1. From k | 3(v − 1, |Gα|), we know that k divides
3
(
2(v − 1), 2eq0(q20 − 1)
) = 3 (2(v − 1), 2e(q20 − 1))
= 3 ((q0 − 1)(q20 + q0 + 2), 2e(q20 − 1))
= 3(q0 − 1)
(
q20 + q0 + 2, 2e(q0 + 1)
)
,
so k | 6(q0 − 1)
(
q20 + q0 + 2, 2e
) | 12e(q0 − 1) by Lemma 2.10.
Since in this case q = pe and q = q20, let q0 = pa, then e = 2a. So k | 24a(pa − 1), and v = p
a(p2a+1)
2 . The inequality
3v < k2 implies
pa(p2a + 1) < 384a2(pa − 1)2,
it follows that
pa < 384a2,
so 1 ≤ a ≤ 9, for 310 = 59049 > 384× 102 = 38400.
Hence, the possible pairs (a, p) are: (1) a = 1, p ≤ 383; (2) a = 2, p ≤ 37; (3) a = 3, p ≤ 13; (4) a = 4, p = 3, 5, or 7;
(4) a = 5, p = 3 or 5; (5) 6 ≤ a ≤ 9, p = 3.
By using GAP [31], for all these possible parameters, we can find only a = 1, p = 3 (and so v = 15) satisfy the condition
that 12v − 11 is a square, so by the equation k(k − 1) = 3(v − 1) we get k = 7. However, this contradicts the fact
k | 24a(pa − 1) = 48. 
Lemma 3.8. Case (B)(ii)(7) in Lemma 2.9 cannot occur.
Proof. Suppose that X = PSU3(5) and X∩H = M10. Then v = 175, but 12v−11 = 2089 is not a square, a contradiction. 
3.2. Characteristic 2
Lemma 3.9. Case (A) in Lemma 2.9 cannot occur.
Proof. Assume that the socle X = X(q) of G is a classical simple group in characteristic 2, and Xα := X ∩ H is a parabolic
subgroup of X . Then |G : H| = |X : Xα| = v. By Corollary 2.4, H is a maximal parabolic subgroup of G.
5194 S. Zhou et al. / Discrete Mathematics 309 (2009) 5183–5195
(a) X = PSp2m(q), with q = 2e,m ≥ 2 and (m, q) 6= (2, 2) (since PSp4(2) ∼= S6).
Assume thatm > 2, then H = Pi is the stabilizer of a totally singular i-subspace of V with i ≤ m. Then
v = (q
2m − 1)(q2m−2 − 1) · · · (q2m−2i+2 − 1)
(qi − 1)(qi−1 − 1) · · · (q− 1) .
Then we see that v ≡ q + 1 (mod pq), whence (v − 1)2 = q. There is a subdegree which is a power of 2 by Lemma 2.8. It
follows that k divides 3q = 3.2e, then k ≤ 3q, contrary to k2 > 3v.
If m = 2, then H is the normalizer in G of a Borel subgroup of X . Then v = (q+ 1)(q3 + q2 + q+ 1), so (v − 1)2 = 2q.
Similarly, k divides three times a power of 2, contrary to k2 > 3v.
(b) X = Un(q)with n ≥ 3.
Let H = Pi for some i ≤ [ n2 ]. Then
v = (q
n − (−1)n)(qn−1 − (−1)n−1) · · · (qn−2i+1 − (−1)n−2i+1)
(q2i − 1)(q2i−2 − 1) · · · (q2 − 1) .
There is a unique subdegree which is power of 2 by Lemma 2.8. And (v−1)2 = q2 unless i = [ n2 ], in which case (v−1)2 = q
if n is even and (v− 1)2 = q3 if n is odd. If n 6= 3 we have v > qi(2n−3i) and k2 < 3v, a contradiction. If n = 3 then the action
is 2-transitive, which has already been ruled out by Kantor [10].
(c) X = PΩε2m(q)withm ≥ 4.
Suppose that H stabilizes a totally singular i-space, and i < m. If i = m − 1 and ε = +, then H = Pm,m−1, otherwise
H = Pi. In any case there is a unique subdegree of X that is a power of p = 2 (except in the case where ε = +,m is odd,
and H = Pm or Pm−1). On the other hand, the highest power of 2 dividing v − 1 divides q2 or 8, so k is too small to satisfy
k2 > 3v.
Now consider H = Pm in the case X = PΩ+2m(q), and note that in this case Pm−1 and Pm are the stabilizers of totally
singularm-spaces from the two different X-orbits. If m is even, let α = 〈e1, . . . , em〉, β = 〈e1, . . . , fm〉, then α, β are in the
same X-orbit, and the size of the Gα-orbit of β is a power of 2. However (v − 1)2 = q, so k is too small. If m = 4, then
X = PΩ+8 (q), and G contains a triality automorphism. Since X ∩ H is a parabolic subgroup of X , then it is either P2 or P134.
The first case was ruled out above. For the latter case, v = (q6−1)(q4−1)2
(q−1)2 > q
11, and (v − 1)2 = q = 2e. Since X has a unique
suborbit of size a power of 2 by Lemma 2.8, we have k < 3q, which contradicts 3v < k2.
Ifm is odd,m ≥ 5, then v = (qm−1+ 1)(qm−2+ 1) · · · (q+ 1) > qm(m−1)2 . Let α = 〈e1, . . . , em〉, β = 〈e1, f2, . . . , fm〉, then
α, β are in the same X-orbit, and the index of Gαβ in Gα has p′-part dividing qm − 1. Since (v − 1)2 = q so k | 3q(qm − 1),
and k2 > 3v impliesm = 5. Ifm = 5, then the action is of rank 3, by [6] we know that there is no such triplane.
(d) X = Ln(q), with n ≥ 2 and (n, q) 6= (3, 2) (since L3(2) ∼= L2(7)).
If n = 2, since X ∩ H is parabolic subgroup of X , we have that X ∩ H is a solvable group of index q+ 1. Then v = q+ 1,
so k(k− 1) = 3(v − 1) = 3q implies k = 4, v = 5, so we get a trivial 2-(5, 4, 3)-triplane, a contradiction.
Hence n > 2. If H is reducible, then H = Pi(i ≤ n2 ) fixes an i-subspaceW , using the method in Subcase (i) of Lemma 3.2,
since q = 2e is even and v = (qn−1)(qn−1−1)(qn−2−1)
(q3−1)(q2−1)(q−1) is odd, we get i = 2, or i = 3 and n = 6, 7, 8, 9.
First assume i = 3 and q = 2. If n = 9 then v = 5.17.73.127, but 12v − 11 = 9456409 is not a square. If n = 8 then
v = 32.5.17.127, 12v − 11 = 1165849 is not a square. If n = 7 then v = 3.31.127, 12v − 11 = 19.7459 is not a square. If
n = 6 then v = 32.5.31, 12v − 11 = 16729 is also not a square.
So i = 3 and q = 2e ≥ 4. Then n = 6 or 7. If n = 6, then k divides 3
(
q(q3−1)(q4−1)
(q−1)2 ,
(q6−1)(q5−1)(q4−1)
(q3−1)(q2−1)(q−1) − 1
)
, but then
k2 < 3v, a contradiction. Similarly, if n = 7, by k | 3
(
q(q3−1)2
(q−1)2 , v − 1
)
we obtain k2 < 3v, a contradiction.
Thus i = 2. Then G has rank 3, by [6] we know that there is no such triplane.
If H = Pi,n−i, then G contains a graph automorphism and H stabilizes a pair {U,W } of subspaces of dimensions i and
n− iwith i < n2 . Since v is odd, the case V = U ⊕W cannot occur, so we may suppose that U is contained inW . There is a
subdegree which is power of 2 here (note that Lemma 2.8 applies here). On the other hand, a small calculation shows that
(v − 1)2 = 2q with q > 2 and (v − 1)2 ≤ 2n−1 if q = 2. Thus k is at most 6q if q > 2 and at most 3.2n−1 if q = 2, contrary
to k2 > 3v. 
By Lemmas 3.1–3.9, it follows that if X is a classical simple group, then it is PSL2(11) or PSU4(2), andD is a (11, 6, 3) or
(45,12,3)-triplane. This completes the proof of Theorem 1.2. 
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